The accuracy of atomic co-ordinates derived from Fourier series in X -ray structure analysis A brief introduction to the subject of X-ray structure analysis is followed by a discussion of various conjectures regarding the accuracy of derived atomic co-ordinates and the import ance of the latter in the derivation of molecular theory. Representing the synthesis in the form
Examination of the shape of the atomic peaks derived from a number of Fourier syntheses shows that the radial density distribution can be closely represented by the function
where A depends on the atomic number of the particular atom and p appears to be fairly constant over a number of atoms from carbon to sulphur, a mean value being p = 4-69.
A combined analytical-statistical analysis leads to the relation
e<90-8AelN
where e is the most probable error in the co-ordinate, N is the atomic number of the particular atom, V is the volume of the unit cell in A3, and A is the wave-length corresponding to the smallest spacings observed. Taking the values of Ae and p given in (2) and (4) and con sidering a carbon atom in a unit cell of volume
equation (5) leads, when all the information obtainable with copper K a radiation is used, to the value, e< 0-0027 A.
A formula is also given for the case in which errors are proportional to the order of their parent reflexions.
The problem of finite limits of summation is dealt with in Part 2. For a simple system containing only two carbon atoms the errors, calculated as upper limits, are: where p is the radius of the sphere containing the reciprocal points of all planes included in the summation. The polyatomic case cannot be given general expression since the atomic positions form a determined system and are not subject to statistical laws. In any given structure the errors are shown to be calculable by the following procedure. Having calculated the structure factors from the final atomic co-ordinates, a synthesis is computed using these calculated values as coefficients. Any terms not included in the original synthesis with experimental coefficients are similarly omitted in this new synthesis. The co-ordinates derived will, in general, deviate slightly from those used in calculating the F values, these deviations give the errors, with reversed signs, of the original co-ordinates. A trial on an actual structure shows them to have a value of about e = ± 0-02 A.
It is suggested that by applying these corrections to derived co-ordinates more accurate values of the latter may be obtained, having errors approximately those of experiment given by equation (5).
Finally, the value of 'p ' is related to the quantity defined by Debye & Waller by means of the equation
V where a and c are constants. This relation enables the effect of thermal agitation to be examined.
I n t r o d u c t i o n
There has been considerable discussion in the past two or three years regarding the accuracy with which it is possible to obtain atomic co-ordinates from the Fourier series of F values devised by Bragg (1915) . The classical idea th a t this accuracy is the same as the resolving power for the particlar wave-length used in obtaining the X-ray photographs is not upheld by many workers, and the consistency shown when like bond lengths are determined in different compounds gives some weight to their claims. For example, using copper K a radiation having a wave-length of 1*539 A, the theoretical resolving power, given by 8 = 0-6A/2sin6>, is 0*46 A, whereas accuracies claimed in various structure determinations range from ±0-01 to ± 0-05 A (Robertson 1945) . Preston (1944) , while quoting the classical result, considers it probable th at the results of structure determinations are more accurate than its strict application would imply.
In view of the importance which small differences in bond lengths have attained for distinguishing between various resonance interpretations of molecular structure, it was very desirable th a t this question of accuracy be investigated and if possible put on a quantitative basis. This paper contains an account of an investigation into the m atter leading to formulae and methods from which the accuracy of any structure determination can be estimated.
One point requires mention; all results here presented apply to structure deter mination by means of three-dimensional Fourier syntheses. The chief objection to these has been in the past the great labour involved in their computation, but since improved computational methods (Booth 1945) have become available it appears probable (Robertson 1945) th at in future all determinations will proceed on a three-dimensional rather than a projection basis.
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The following abbreviations will be used throughout this paper: 
D iscussio n of the problem
The electron density at any point The third of these sources will not be dealt with here, since by means of adequate precautions it can be entirely avoided. If, as is almost inevitable in three-dimen-'sional work, the values of | F | are first obtained on a relative scale by ' eye-estima tion ' followed by a determination of the absolute values of a few selected reflexions, the errors of experiment will fall into two classes of which it will be shown that those of ' scale ' do not affect the atomic co-ordinates. The actual number of (h, k, l) values used also depends on two factors, first, the wave-length of the X-rays used, and secondly, the state of thermal motion of the atoms in the crystal.
Before either of the two sources of error is considered it is necessary to discuss the shape of electron density distributions resulting from Fourier synthesis.
E xperim ental d e n sit y distributio ns
Although electron density distributions for a large number of atoms have been calculated on the basis of modern wave-mechanical theory (Hartree 1928), these are, unfortunately, only to be had in tabular and not in explicit algebraic form, and in any case, the distributions resulting from Fourier synthesis do not greatly resemble the plots of these ideal fields. This is most probably due to the existence of thermal agitation in any real atom, a point which will be discussed in P art II. Cox & Costain (1941) In order to take account of scale (4-1) must be normalized to give the right number of electrons in the atomic field. For an atom of atomic number N this leads to the relation d(r) = e -^2. (4-2) Equation (4-2) can be generalized to give the density at a point (x,y,z) near to an atom whose centre is at {xpy-^zx): 
Now at the centre of an atomic peak the value of D' is a maximum and the co ordinates of this point are such as to make
This gives three equations of the type
which, if they could be solved, would give the co-ordinates yv %) of the atomic centre and show, since they do not involve J^(000), the only | F | not determined in the relative | F | estimations, that errors of scale do not effect the position of the maximum.
Next let it be assumed that the | F | values are in error by small quantities AF and that the effect of these changes is to produce shifts ex, ey, ez in the co-ordinates of the resulting peak. The equations for the maximum now become
where (S-6) Vol. 188. A.
Assuming all the errors to be small enough to neglect second order quantities (5-4) may be written
which, by virtue of (5-3), becomes
Using (5-5) the second term of (5*7) may be split up into three series:
which, in turn, may be written
7,7 -f t E E S 4^2^;|J |o o s(#,-«), (5-8)
(d2D 6x\ j 1 + ey\dxdyj1 + ez\dxdzjx and since in the region of an atomic peak
equations (4-4) and (4*5) show th at (5*9) reduces to
with similar expressions for ey and ez. It is now necessary to consider in greater detail the series
Since all the | F | values are observed in the same manner, by eye-estimation, it may be assumed th at they all have the same most probable experimental error, say Ae. This being the case, the most probable value of equation (5-12) is given (Worthing & Jeffner 1943) by
In order to evaluate the above summation it is necessary to use the reciprocal lattice concepts introduced by Ewald (1921) and elaborated by Bernal (1926) . The planes which will reflect X-rays of a given wave-length A are those whose reciprocal points are contained in a sphere of radius 2*0 centred on the origin, the reciprocal 'unit cell' having axes a* = A/a, 6* = A/6, c* = A/c, where a, 6 and c are the sides of the unit cell (Bernal 1926) .
The number of lattice points for which has some fixed value hx is given approxi mately (for orthogonal axes) by n 1^n {2 2-( h 1a*)2}lb*c*,
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with similar expressions for ey and ez.
In order to make use of this expression it is necessary to have some idea of the values of Ae usually encountered in experiment. There has been considerable speculation regarding the accuracy attainable in the estimation of the intensity of single crystal reflexions, some extremely interesting work by Lonsdale (1944) suggested that crystal perfection caused extinction effects in many more low-intensity reflexions than had been previously supposed. The great divergence between observed and calculated | F | values in actual structure determinations (c. 15-20 %) again suggested great experimental inaccuracies. The latter estimate of error is, in the opinion of the author, not reliable, as the calculated | F | values are based on a distribution of electrons spherically symmetrical about the centre of the atoms, whereas, in fact, electrons must partake in the formation of chemical bonds and the distribution cannot be symmetrical. This is borne out by experimental work recently quoted by Robertson (1945). Another suggested source of error lies in the fact that in reducing the observations no correction is made for absorption. This again is probably not significant, since the crystals normally used in work on organic structures have low absorption coefficients and are of extremely small size (c. 0*2 mm:). Experimental evidence on these points has recently become available during a redetermination of the structure of dibenzyl by Jeffrey (1945); this structure was originally determined by Robertson (1934 Robertson ( , 1935 These are plotted in the form of a frequency curve in figure 2. From this graph, which approaches closely to a normal error curve, it can be calculated by the usual procedure (Worthing & Jeffner 1943) th at the probable error is ± 0*6. As an example of the use of equation (5*17) it is interesting to examine the errors in co-ordinates derived from three-dimensional syntheses in a particular case. For simplicity of calculation a hypothetical structure having The agreement between these values is confirmation of the validity of the approxi mations used. By assuming H to be large (5-17) may be written approximately
The accuracy of atomic co-ordinates derived from Fourier series 85 ex <90&de/iV(Ap)*VK (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) which is symmetrical in a, 6 and c as suggested by the above results. The value of ex calculated from (5-18) is % < 0.0027 A in very good agreement with the results of the exact calculation. In view of this agreement, and since it is better adapted to computation than (5*17), it is suggested th at equation (5*18) be used as a basis for the assessment of inaccuracies due to experiment. If the value of 'p ' used in this paper is accepted, equation (5-18) may be written e< + l-915zle/iVA2V(AF).
(5-19) I t may be contended by some workers th at the probable error is not constant for all observations, especially when photometric measurement is used. A reasonable assumption in this case is th at the error is proportional to the index of the plane observed. Introducing this assumption into (5-12) it can be shown th at the error becomes approximately e< ± lOOAe/NW plJX, (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) (19) (20) where Ae is, in this case, the proportional experimental error. A still more refined treatm ent would consider the experimental error to be proportional to the | F | value of the plane; this, however, renders the mathematics intractable, and since, for the normal values of A, the assumptions involved in deducing (5-19) appear to be experimentally justified, it was not considered worth while attempting an approxi mate solution in this case.
P A R T I I 6 . T h e e f f e c t o f n o n -i n f i n i t e s u m m a t io n
Suppose that in the unit cell of a crystal there are atoms in positions (xr,yr,zr) = 1,..., (6-1)
In accordance with (4*3) and the periodic nature of the crystal lattice the density distribution may be written
Next, following the original concept of Bragg (1915) , assume that D(x, y, z) can be expressed in the form of a three-dimensional Fourier series: or, if the series of (6-3) be written in the form given in (3*1), it is seen th a t is the atomic scattering factor for a distribution of type 4-2 in agreement with its value, determined from the integral (Compton & Allison 1936) where P A
(h2 k2 l2\i
i a2 + b2 +c2) (6-13) (6-14)
The identity of (6*3) and (3*1) having been demonstrated, substitution from (6*9) and (6*10) in (6*3) gives from which it is at once obvious th a t the whole summation is oomposed of M parts, one of which is completely in phase a t each atom. Considering, for example, the atom at (aq, yx, zx), its own component in (6*15), viz.
hf kf l always has its maximum at (xx, yx, zx), however few or many be taken. The effect of the remaining (M -1) atomic series will be to produce dis tortion depending on the distances of their centres from (aq, Since the shape of a peak, at a distance from its maximum, will deviate slightly from th at postulated in (4*2), due to finite summation, the effect of cosine waves in the position of yx, zx) must also be considered.
D istorting effect of neig h bo u r in g peaks
Consider the effect of a peak at (x2, y2, on th at at (x represented by equations of type (4*1). The maximum deviation will evidently be along the fine of centres, and supposing the inter-peak distance to be ' ' the resultant may be written _ N^. + N^-. f Assuming the maximum to occur when r is small, this gives rNx + (r -s -2 prs2 N2 e~ps2 -0, whence r = N2s/Nxepa2 +1 -2 (7*3)
Since the closest approach hkely to be encountered in practice is about 1 A, a good approximation to (7*3) is r = -~se~pai.
(7*4)
Nx '
The values of r-the distortion from zero or true position-are given in the following table, for the case Nx = N2, calculated from the exact formula (7*3):
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Undulation of background
The treatment given in § 6 shows that it is sufficient to consider the background undulation at a point at some distance from the maximum of a peak which may be centred on the origin. The summation in this case becomes, from (6*14) and (6*16),
along the x axis, which special case may be taken without loss of generality sinc crystal axes (a, b, c) are still arbitrary. Suppose next that all planes whose value is less than some specified value p1 are to be included, using the concept of the reciprocal lattice and sphere already mentioned (Part I, §5), it is seen that for h = hx (say) The Fourier series of (8*4) is very rapidly convergent, and the background at any stage is at greatest equal to the next term to be inserted, whence the background is given approximately by the function
This expression is somewhat cumbersome for combination with an atomic peak, but since peaks are not in general closer than say 1-0 A, (8-6) may be written, replacing aiunx/a by a constant 'k '
Np kart ;Si n ( 2 f f -l ) W5 e x p [ -^] (8-7)
Suppos e th a t this term has a phase shift rfr and is acting on the typical peak
d(x)

5-PX2
The resultant is
The condition for a maximum is
And, if the value of x satisfying this equation is to be itself a maximum, dxjdxjs = 0, whence
Substituting in (8-9) and assuming x small enough to neglect second order terms gives
If H is large this may be written, to the same degree of apprxoximation,
The following table contains I t must be realized that these figures are upper limits to the errors produced due to termination of the Fourier series at a finite number of terms. The probability of any of these errors is extremely small, and the more so when an assembly of atoms is considered.
E f f e c t o f t h e r m a l m o t io n o f a t o m s o n a c c u r a c y
Equation (8* 12) gives immediate information as to the effect of thermal motion on accuracy, the effect of temperature on the atom itself is to produce a general spreading, th at is, to decrease the value of 'p '. At the same time the greatest value of which appears in conjunction with any diffracted beam, is reduced, owing to the rapid decrease of the atomic scattering factor (6-12) making observation of diffraction spots of high order impossible.
This decrease in atomic scattering factor due to decrease in ' ' value for a thermally agitated atom is in accord with the theory advanced by Debye (1914) and Waller (1927) , '7?' being related to the quantity ' defined by these authors through the equation -= a(B + c), V where a and c are constants.
The fact th a t atomic peaks resulting from Fourier synthesis can be represented by (4-2) is a direct consequence of the thermal motion, if measurement of j F | values was carried out at absolute zero the atomic field should have the form in dicated by wave-mechanical considerations.
I t can be seen th at the effect of thermal motion in a structure is a decrease in the accuracy of the derived co-ordinates. Owing to the lack of knowledge of values of for complex crystals exact quantitative expressions cannot be obtained, this, however, is not important since a method is given in the next section by which the errors in any particular structure can be determined. 1 0 . A s s e s s m e n t o f a c c u r a c y i n a n y g i v e n s t r u c t u r e d e t e r m i n a t i o n Equation (8-12) gives only an upper limit to the error due to finite summation in the di-atomic case. Since the positions of atoms form a predetermined system statistical laws cannot be applied to give most probable errors. However, equation (6* 15) shows how the error, due to finite summation, may be determined for any atom in a particular structure. The co-ordinates used for calculating F values are those involved in the dr of (6*15). If, therefore, when a structure determination is com plete, an additional synthesis is carried out using the calculated F values, the deviations of the resulting maxima from the positions used to calculate the F values give the errors in the resulting co-ordinates. These errors, being in general small, can be applied with reversed signs tp the co-ordinates derived from the F (obs.) synthesis to give more accurate values of the latter and the inaccuracies due to termination of the summation almost completely removed.
A trial of this method of assessing accuracy has been made on the compound geranylamine hydrochloride already quoted (Jeffrey 1945) and deviations of the same order (002 A) as predicted in §8 have been found in the co-ordinates due to finite summation. I t follows th at the experimental errors (c. 0-002 A in this case) are negligible in comparison with the finite summation errors.
Two courses are thus open, the derived co-ordinates may be preserved and assumed to be in error by the quantities found in the above ' blank ' synthesis, or, alternatively, the co-ordinates may be corrected as indicated and the errors then taken as double those due to experiment calculated on the basis of (5-18).
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(1) Expressions for probable errors in co-ordinate have been given (5-17-5-20) in terms of the experimental errors usually encountered. The expressions have been applied to a particular case and show th a t for a carbon atom the error is approxi mately ±0-003 A.
(2) A method for determining the errors due to non-infinite limits of summation ( § 10) has been devised and indications given of the method of applying these results to the correction of the co-ordinates deduced in any given structure. In the special case of a structure containing two atoms an upper limit of between ± 0-02 and + 0-005 A to the distortion is deduced, depending on the maximum order of reflexion observed. In a typical polyatomic structure these errors have been found experi mentally to be of the order ± 0-02 A, so th at the errors considered in (1) are of the second order.
(3) The effect of thermal agitation is shown to be a considerable decrease in accuracy, its exact amount being governed by the criteria laid down in (2).
The author wishes to record his indebtedness to Professor G. N. Watson, F.R.S., for a most helpful discussion on the subject of the second part of this paper. This work forms part of the programme of fundamental research undertaken by the Board of the British Rubber Producers' Research Association.
T he m echanism o f th e cataly tic oxidation of ethylene I. E x p erim en ts using a flow system Experiments have been made using a flow system to determine the mechanism of the catalytic oxidation of ethylene on a silver catalyst. The effects of time of contact of the gases with the catalyst, gas concentration, and temperature have been investigated. The products of reaction are ethylene oxide, and carbon dioxide and water. There appear to be two processes whereby the carbon dioxide is formed: (1) by direct oxidation of the ethylene not via ethylene oxide, and (2) by the further oxidation of the ethylene oxide.
The isomerization of ethylene oxide to acetaldehyde by the catalyst in the absence of any oxygen has also been examined. By comparison with the oxidation of ethylene oxide, it has been shown that this latter reaction proceeds to a large extent, and possibly entirely, through a preliminary isomerization of the ethylene oxide to acetaldehyde. The rate of oxidation of acetaldehyde is extremely rapid and no trace of acetaldehyde is found during the oxidation of ethylene or of ethylene oxide. Ethylene oxide forms on the catalyst an involatile deposit, which is oxidized away by oxygen, so that during oxidation reactions the quantity of it on the catalyst is kept low.
The kinetics of the oxidation of ethylene, i.e. rate of reaction proportional to the oxygen concentration and slightly dependent on the ethylene pressure, are consistent with the view that ethylene reacts with oxygen adsorbed on the catalyst and that the slowest step in the whole series of reactions is the rate of adsorption of the oxygen. An energy of activation of about 27 kcal. was found for the production of ethylene oxide, and slightly less for the pro duction of carbon dioxide and consumption of oxygen.
In the homogeneous reaction between ethylene and oxygen at temperatures in the region of 300-600° C, it has been found (Lehner 1931; Bone, Haffner & Ranee 1933) that a number of products are formed, including ethylene oxide, aldehydes,
